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Thermophoretically Augmented Mass Transfer Rates
to Solid Walls Across Laminar Boundary Layers

Suleyman A. Gokoglu* and Daniel E. Rosnert
Yale University, New Haven, Connecticut

Predictions of mass transfer (heavy vapor and small particle deposition) rates to solid walls, including the ef-
fects of thermal (Soret) diffusion (‘‘thermophoresis’’ for small particles), are made by numerically solving the
two-dimensional self-similar forced convection laminar boundary-layer equations with variable properties,
covering the particle size range from vapor molecules up to the size threshold for inertial (dynamical non-
equilibrium) effects. The effect of thermophoresis is predicted to be particularly important for submicron parti-
cle deposition on highly cooled solid surfaces, with corresponding enhancement factors at atmospheric condi-
tions being over a thousand-fold at 7, /T, = 0.6. As a consequence of this mass transfer mechanism, the particle
size dependence of the mass transfer coefficient to a cooled wall will be much weaker than for the corresponding
case of isothermal capture by Brownian-convective diffusion.

Nomenclature

C =—oar_ /01

CpsCy =sgpecific heat at constant pressure and constant
volume (per unit mass of mixture), respectively

d, =particle diameter

D = Brownian diffusion coefficient

Eu = Euler number, dbnu,/dbnx

f = dimensionless stream function

~fw =dimensionless wall blowing parameter

g-mer =cluster containing g monomer units (g=10°,
101,..., 101%)

Jj” =diffusional mass flux of small particles

k =pseudo-first-order rate constant; Eq. (20)

Kn =Knudsen number (based on particle radius)

Le = Lewis number, Pr/Sc

M =molecular weight of the mixture

Ma =Mach number

p =pressure

Pr =Prandt] number (ratio of gas momentum diffusiv-
ity to heat diffusivity)

R =ideal gas constant

Re = Reynolds number

Sc =Schmidt number [ratio of gas momentum dif-
fusivity to particle Brownian (Fick) diffusivity]

St = Stanton number; for either heat [Eq. (18)] or mass
[Eq. (17)] transfer

T =absolute temperature

u,v = fluid velocity in x and y directions parallel and nor-
mal to wall, respectively

vr =thermophoretic velocity; Eq. (19)

v, = wall blowing velocity

w =normalized mass fraction of particles

X,y = distance along and normal to the surface

or =thermal diffusion factor of particle

T 0 =thermal diffusion factor extrapolated to infinite
temperature

ar_, =coefficient of T=! in power series expansion of
ar(T)
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% =heat capacity ratio, c,/c,, of gas mixture

] =boundary-layer thickness

€ = Lennard-Jones molecular interaction energy (well-
depth) parameter

) =dimensionless BL coordinate

[/} =normalized temperature, 7/7,

K = Boltzmann constant

A =thermal conductivity of gas mixture

u =dynamic viscosity of gas mixture

£ =dimensionless, stretched boundary-layer coor-
dinate (for Brownian diffusion sublayer); Eq. (14)

e = function defined by Eq. (10a)

0 =density of mixture

o = Lennard-Jones molecular size parameter

$ = function defined by Eq. (10b)

¥ =stream function; pu =3y /8y, pv= —ady/0x

w =mass fraction of particles in prevailing mixture

Subscripts

e = outer edge of boundary layer (local mainstream)

eff = effective

ext = exterior region

h =heat transfer

int =interior region

g = g-mer

m = outer edge of mass transfer (Brownian diffusion)
boundary layer or mass transfer

mom =momentum transfer

mp =melting point

D = particle

T = thermophoresis

w =at the surface, wall condition

X =quantity defined with respect to distance along x
axis

1 =monomer molecule

Superscripts

o = temperature exponent in gas specific heat law

g =temperature exponent in gas viscosity law

€ =temperature exponent in gas thermal conductivity
law

n =temperature exponent in Brownian diffusion coef-
ficient law

() = differentiation with respect to »

Miscellaneous

BL =boundary layer

BSL = Brownian sublayer

LBL =laminar boundary layer
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1. Introduction

UE to the sharply increasing cost of high-grade fuels,

there is renewed interest in the combustion of coal-
derived or lower-grade petroleum-derived gas-turbine fuels
containing inorganic impurities. Comprehensive but tractable
design methods for predicting ‘‘ash’ deposition rates, as
well as precise and rapid methods of deposition rate mea-
surement, are therefore needed.! Such results and techniques
are also necessary to develop systems for ‘‘clean’’ hydrocar-
bon fuel combustion since 1) local fuel pyrolysis and inade-
quate oxidation rates can cause soot particle production and
deposition; and/or 2) the ‘“air’’ ingested for combustion may
itself contain inorganic substances (e.g., sea salt and dust),
which can deposit on gas-turbine components.?

Recognition of the engineering importance of thermal dif-
fusion mass transfer (‘‘thermophoresis’’ for small particles,
which drift down a local temperature gradient) is relatively
recent. The nearly linear increase in rate of small particle
capture with the temperature difference (between the surface
and mainstream gas) observed in recent experiments®* is
clearly due to thermophoresis®® and not ordinary con-
vective-(Brownian) diffusion or inertial impaction. For these
reasons we have embarked on a series of theoretical studies of
thermophoretically modified mass transfer in forced-, and
natural-, convection systems. Forced-convection laminar
boundary layers (LBLs) with variable fluid thermophysical
properties and particle transport properties are treated in this
paper, and mass transfer rate predictions are made based on
rigorous numerical calculations for solid surfaces. We have
considered a wide range of mainstream particle sizes, from
vapor molecules up to small ‘‘aerosol’”’ particles, with
diameters of about 1 pm, above which inertial effects normally
set in. (Inertial effects set in at a particle diameter that depends
on the intrinsic particle density as well as the local
aerodynamic—deceleration—environment; see, €.g., Ref. 6.)
Our goal is to provide a set of reliable numerical results under
reasonably simple, well-defined conditions. As will be seen,
these results can be used to 1) define the conditions associated
with large thermophoretic effects; and 2) develop and test sim-
ple correlations for including these phenomena in future
engineering designs. In the present paper we focus on the for-
mulation (Secs. II and III) and numerical solution (Sec. IV)of a
number of prototypical LBL cases. Our results and a brief
discussion of some of their implications conclude the paper
(Secs. IV and V).

II. Mathematical Formulation

Boundary-Layer Equations

The boundary-layer (BL) conservation equations govern-
ing the velocity and temperature fields for the steady laminar
flow of a viscous compressible fluid have been thoroughly
reviewed.”'® Here, we consider also the mass transfer equa-
tion for a dilute (w, < 1), nonreactive species, including ther-
mophoresis. (The effects of the particles on the gas ‘‘host”
flow!! are neglected, as is the energy transport associated

“y

DEPOSIT-

Fig. 1 Configuration and station nomenclature. Two-dimensional
laminar boundary layer across which momentum, energy, and
species mass are transferred by convection, diffusion, and (for
species mass) thermophoresis; (Sc>1).
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with particle fluxes,' because w,<1.) Given the two-
dimensional (planar) configuration shown in Fig. 1, the full
set of LBL equations takes the form

Total mass:
d(pu) 3d(pv)
+ = 1
ax ay 0 &
Streamwise momentum:
udu  vou A (pdu/d d
p( n ) - (l"' y) _i (2)
ox ay dy dx
Energy:
udT 06T> d(NOT/dy) (au )2 (dp )
+ = +ul— —_—
pc"( ax ay dy ’ dy *u dx ®

Species mass:
<u8w+ vaw) _d {D[aw N
P ox ay B ay b ay

In the above equations (1-4) the constitutive equation of
state is taken to be the ideal gas law (p=pRT), and the local
pressure field is assumed to vary only in the streamwise
direction (dp/dx= —p.u./dx). Of particular interest in
this work is the influence of thermophoresis [second term,
right-hand side of Eq. (4)] on the rate of mass transport to
the cooled, solid surface.

oo O]
T ay} @

Boundary Conditions

Consider a smooth solid wall with constant (x-indepen-
dent) temperature. The wall is assumed to be cool (or
“‘sticky’’) enough to act as a perfect particle sink. The terms
deposition rate and particle arrival rate are therefore used in-
terchangeably. If we neglect the local gas phase concentra-
tion of particles w,, (cf. w,), the wall boundary conditions
become

At y=0:

u=0, v=0 (or v, for wall transpiration cooling)}
T=T,, w=0 (5a)

Moreover, in the “‘dusty’’ gas ‘‘far’ from the surface, we
impose
At x=0 and/or y—o: u—u, T-T, w—w

e . (5b)

As evident from Eq. (4), our species mass conservation
equation does not contain an explicit local source or sink
term since we are considering the limit of a ‘““frozen’ BL,
i.e., no chemical reaction, nucleation, condensation,
coagulation, or particle breakup is presumed to occur within
the BL. Therefore, the results we report can be applied even
if the mainstream has a distribution of particle size classes
(g-mers), each containing the number g (g=10°, 10',...,
10'%) monomer units,§ provided the particle concentrations

1The simultaneous effects of thermophoretic ‘‘suction’’ and real
blowing (through the wall) are treated elsewhere. '3

§For the numerical results reported here, we have used the follow-
ing estimated properties of Na,SO, (monomer molecular
weight = 142.04, 0=5.00A, e/xk=2221 K, a7, =0.7765, C=458.6
K; T,, = 1157 K, p,, =2 g/cm?, \, =107 cal/cm-sec-K); however,
thermophoretic BL calculations done for SiO, and C g-mers, using
estimated properties of their monomers, indicate that the detailed
physical and chemical properties of g-mers have no appreciable ef-
fect on the resulting small particle convective-diffusion deposition
rates.'> Thus, the numerical results reported here are not expected to
be applicable only to Na,SO,(c)-like particles.
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are such that transport to the wall occurs without ap-
preciable mutual interaction.

Property Variations and Similarity Transformations
For carrier fluid and transported species property varia-

tion estimates, the temperature dependencies are chosen as
follows:

p~T8, N~Tt, c,~Tv, p~T"', D~Tm,
ar=Zare- [1-(C/T)]

Details for the selection of the best powers of temperature,
B, €, o, and n are given in Refs. 15 and 16 (3=0.70, ¢ =0.85,
«=0.19 and, for Na,SO, monomer, #=1.66 are reasonable
estimates when air is the host gas). The calculations of D and
ay for monomers and g-mers (considered here simply as
heavy molecules) are given in the Appendix. The additional
parameters Sc, Pr, Ma,, v., and Eu are defined by

SCEIJ'_/p_’ P’-E__.&_~

D M (pc,)
u? c dbar
Mal=——F*—, E( L ) , Eu=s—=
S VRT,M T\ ) YT dm

We also introduce the following nondimensional dependent
variables:

W=w/w, 0=T/T, f=y/(p,p,xu,)"

These will be assumed below to be functions of the single
nondimensional (‘‘similarity’’) coordinate 5, where

"7Ey(pwue/”'wx)l/2 = (y/x)' (Rex);/v2

With 0,,=T,/T, and noting that u/u,= (p,,/p)-f’, we find
Streamwise momentum:

1+ FEu

S" = (Eu)- (050072 - [ ]oae-ﬁf”f

— (Eu)-05+2-5-1 [_lizE_”]ae,e—ﬁ—lo'f'f

G o

Energy:

€6’?
[}

1+ E
0//=_|: 5 ll]Prwoi;ajBa_éor__

+Ma2 (v, — DPr 05 %0 < [ (Eu)f’ —0;2-Bf726+1

20,2751 1090 ~0;2-0£"207-19"2] ™

Species mass:

1+E ~1+a7)0’
W”+{Scw[ 2“]03—101~"f+—_--(" 0“7) }W’

+ {(o7/0)[0” + (n—2+C/(T—C))0’2/0]}W=0 (8)
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and the transformed boundary conditions are

Atn=0: f=0 (or f, for wall transpiration cooling)
f'=0, 0=T,/T,, W=0 (92)
Asn—oo: f'—=T,/T,, 6-—1, W-1 (9b)

Although one of the boundary conditions specifies
behavior as n— oo, in practice this condition can be satisfied
at a large but finite value of », corresponding to a dimen-
sionless BL thickness.

III. Asymptotic Analysis for o, [(T./T,)—1]>1

The analysis given above covers the particle size range from
vapor molecules [Sc=0(1)] to about I-um-diam particles
[Sc=0(10%]. It is known that in the absence of ther-
mophoresis the ratio of the thickness of the momentum BL,
Omom» t0 the thickness of the mass transfer BL, §,,, scales with
(Sc)” . Therefore, as the particle size, and hence Sc increases,
the mass transfer BL becomes completely embedded within
the momentum (energy) transfer BL. In the presence of ther-
mophoresis, however, mass transfer starts as soon as the par-
ticles experience temperature gradients. The concentration
gradient created by the thermophoretic motion of the par-
ticles, in turn, induces Brownian diffusion. Strictly speaking,
therefore, for coupled thermophoretic and diffusive mass
transport of small particles (Sc>1) the mass transfer BL
thickness is the same as the energy transfer BL thickness, §,,.
Yet, for thermophoretically dominated mass transport, a
simplified asymptotic analysis is possible.!”!® The mass
transfer BL. can then be visualized as one exterior region
where the mass transport mechanisms are basically convection
and thermophoresis (negligible Brownian diffusion) and one
interior region with thickness 6,,, which we call the Brownian
diffusion sublayer, where Brownian diffusion also becomes
important (Fig. 1). The mathematical treatment follows.

Exterior Region

The species mass conservation equation can be rewritten in
the form

A/Sc, )W"+EW +dW=0 (10)
where

E=[(1+Eu)/2] [6*-76771f] + [ (n— 1+ o) /Se, 1 (87 /6)

(10a)
and

b= [ar/(Sc,0)]{0”+[n-2+C/(T-C)1(6°%/0)} (10b)

It is known that the thermophoretic-to-momentum dif-
fusivity ratio a;/Sc remains O(1) regardless of how large Sc
is.1820 Therefore, even slight temperature gradients are suffi-
cient'* for thermophoresis to dominate over Brownian diffu-
sion for small particles (Sc»1 and «[(7,/T,)—-11>1).
This can be readily seen by comparing the second-order
Brownian diffusion term in Eq. (10) with the thermophoretic
term [the second term in Eq. (102)]. The species mass con-
servation equation in this region can be reduced to a first-
order ordinary differential equation by neglecting the con-
centration diffusion term. In so doing, however, we must
give up satisfying the wall boundary condition W, =0. The
solution to the reduced equation can therefore be expressed
in the quadrature form

= &
Weatn)=exp| | g((:)) a| an
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When formally evaluated at »=0, the above integral defines
the useful quantity W,,, which is the normalized mass frac-
tion of the transported particles at the outer edge of the
Brownian diffusion sublayer, where the exterior and the in-
terior solutions are to be matched;?! i.e.,

“ ¢
W= Wy (0) = exp [SO 2 (‘;’)’ dﬂ] (12)

Interior Region (Brownian Diffusion Sublayer)

Since the interior region is very thin, it is permissible to
assume constant coefficients (evaluated at the wall) therein.
The species mass conservation equation, then, takes the sim-
ple form

(1/8¢, Y W" +E(O)W’ +&(0)W=0 (13)

In order that the wall boundary condition (W, =0) be
satisfied, the concentration gradients will be very large in this
thin region. Therefore, it is mathematically convenient to
stretch the coordinate # by the factor Sc,, Z(0) and define the
new independent variable £:

£=Sc,E0)n
In terms of £, Eq. (13) becomes

ew  dw [ &(0)

FTERRAT: ScW'E(O)Z]Wzo 14

Since «ar[(7,/T,)—1)]>1, we can clearly neglect the
pseudosource (sink) term. The resulting reduced equation,
along with its boundary conditions

at £=0, W=0

at £—o, W-—W, (matching condition with
exterior solution) (15)
can be solved to give
Wi (§) = Wy, [1 —exp(—£)] (16a)

The corresponding gradient at the wall is found to be

Wi, =W’ (©0)=5c,-E(0)- W, (16b)

it is worthwhile at this point to comment on some of the
direct consequences of the asymptotic analysis:

Comment 1

The mass (deposition) flux at the wall is given by (w,, =0):

. D |:<aw> +a7:Www<6T> ]
—Jw =Pl ay v T ay w

w

=puD, (%) = Pl oStyo, (17)

It can be seen from Eq. (17) that although the thermophoretic
flux term (second term in the brackets) has no direct contribu-
tion to the deposition flux (because w, =0), it indirectly af-
fects the deposition flux by changing the concentration profile
and thereby modifying (dw/dy),,. In fact, although Brownian
diffusion is completely neglected in the exterior region, it
eventually takes over in the interior region, becoming the only
mass transfer mechanism a¢ the surface.
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Comment 2

For thermophoretically dominated mass transport, the
deposition flux is approximated in the literature!7-18-2223 by

;" s aw
—Jw=E—Jm '_‘mem a_y " —meT,m“"m = _pmvT,mwm
0T T,-T,
“onPuin(E) o tarter,sul Tz e,
. . . . (18)
where v is the thermophoretic velocity defined by
T
vr=—Day (19)
dy

Comparison of Eqgs. (17) and (18) reveals that because the
Brownian diffusion sublayer thickness 6,, is very small, the
mass fluxes calculated at station or at station @ (Fig. 1)
both give approximately the same result. The asymptotic
analysis is a mathematical justification of this approximation.
In fact, Eq. (16a) simply states that the concentration gradient
at the wall is adjusted in the interior region (BSL) such that the
Brownian diffusion flux alone at station can accom-
modate the incoming thermophoretic flux from the exterior
region at station . Therefore, as a corollary, one can say
that the mass flux to the wall [Eq. (16b) or Eq. (18)] can be
easily evaluated from an integral [Eq. (12)] that is only a
function of behavior outside the Brownian diffusion sublayer.

Comment 3

Another interesting outcome of the asymptotic analysis is
that the Brownian diffusion sublayer is confined to a much
thinner region whenever thermophoresis is significant
(ar[(T,/T,)—1]1>1). Indeed, the ratio of its thickness to
the momentum transfer BL thickness now scales like Sc—!
[Eq. (16b)] as compared to Sc~” in the absence of ther-
mophoresis and, consequently, the concentration gradient in
this region is now much steeper.

IV. Results and Discussion

The LBL equations in the transformed coordinate system
have been first subjected to a Newton quasilinearization.?
Then the linearized, coupled momentum and energy equa-
tions have been finite differenced and solved simultaneously
by inverting the resulting tridiagonal matrices to obtain self-
consistent velocity and temperature profiles. Having these,
the coefficients = and ® of the species equation are evaluated
at each mesh point and the linear species equation is
separately solved by inverting the tridiagonal matrix resulting
from its finite difference form. To evaluate the concentra-
tion gradient at the wall, the program utilizes the asymptotic
analysis for Sc=10%¢ to preserve accuracy.** Although the
formulation is kept general, it is illustrated here only for
cases with Ma2< 1. The interesting effects of viscous dissipa-
tion on thermophoresis are treated elsewhere.?

The numerical accuracy of our LBL program has been
checked in the following limits, with excellent agreement
with the cited references:

1) Velocity and temperature profiles with constant and
variable properties.26-32

2) Concentration profiles with or without thermophoresis,
with and without variable fluid properties.!”-*

{The highest Sc at which the program switches to the asymptotic
solution depends upon the mesh size used. That is, at the switch-point
the Brownian diffusion sublayer is so ‘‘thin’’ that, for the given mesh
size, the numerical resilts are no longer accurate; but Sc and
ar[(T,/T,)—1] are large enough to assure the accuracy of the
asymptotic solution in predicting W, and the corresponding concen-
tration gradient at the wall.

**For a more detailed description of the program, including its con-
vergence characteristics, accuracy, mesh size used, quasilinearization,
and finite differencing, see Ref. 15.
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Table 1 lists the eigenvalues for a number of representative
numerical integrations.

If the differentiation on the right-hand side of Eq. (4) is
formally carried out, the presence of thermophoresis is
found to introduce a suction-like convective term propor-
tional to the thermophoretic velocity vy Eq. (19), and a
source-like term proportional to an effective first-order reac-
tion rate constant’

_ (_1_ i pDa 00T -

off = > oy (20

Therefore, Eq. (4) can now be rewritten in the ‘‘transparent”’
form

pu6w+p(v+v7)8w_ a <pD6<.o

ax ay ay \ ady @b

) + pkegro

which proves useful in anticipating, correlating, and discuss-
ing the effects of thermophoresis on composition profiles
and local mass transfer rates.’
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For heavier particles (cf. the carrier gas) depositing on
cold walls (the case of interest here), the suction effect of
thermophoresis is found to dominate the sink effect,
dramatically augmenting overall total deposition rates. Everi
though the Brownian diffusion sublayer is completely buried
inside the heat and momentum transfer BLs (5,, €6, =8,,m),
as soon as large particles (Sc>1) enter the thermal BL, the
suction [Eq. (19)] and the sink [Eq. (20)] effects of ther-
mophoresis start to operdte in response to the local
temperature gradients. This results in a nonzero ther-
mophoretic velocity normal to the surface, and a reduced
particle concentration w,, (instead of the mainstream value
w,) at the outer edge of the Brownian diffusion sublayer
(Fig. 1).

Figures 2-4 summarize our numerical results obtained
from the solution of the LBL equations (including particle
thermophoresis) for a solid wall with negligible viscous
dissipation over a wide range of particle diameters to about 1
wm. For still larger particles, where inertial effects often set
in, predictions can be made using the recent results of

Table 1 Summary of numerical results for selected LBL integrations®

T,/T, g se,, ar, Eu p(atm) W el 6 ”
0.6 10° 1.919 0.381 1 20 0.713  0.679 0.189 0.966
10! 5.112 2.838 1.228  0.944
102 21.87 12.26 3.316  1.598
10 97.27 53.81 1243 2.575
10* 435.7 235.3 53.12  4.245
10°  1854.4 968.2 2200 6.880
10°  6532.9 3239.5 746.1  10.47
107 173940 77339 1872.2  14.51
108 39601.3  14554.9 3755.1  19.09
" 10°  86305.8  25509.8 L 6897.0 24.75 L
A 10' 186361.3  46093.7 ¥ A 12786.5 31.99 N v
0 100 1.839 0.480 1 20 0.713  0.696 0.0955 1.103
.l' | 0 20 0.415  0.404 0.0583 0.324
\r 1 1 0.713  0.696 0.0955 1.103
10! 5.535 3.080 1 20 1.170  1.032
J, 1, + 0 20 0.667  0.581
3.096 1 1 1.170  1.032
102 23.81 1339 1 20 2,518  1.740
\L v 0 20 1.437  0.954
23.82 13.54 1 1 2,527 1.740
103 106.2 59.18 1 20 7.239  2.841
l/ N 0 20 4259  1.563
106.5 6059 1 1 7.350  2.844
104 480.1 2622 1 20 28.19  4.698
é’ [} 0 20 17.00  2.584
»]/ 485.4 2759 1 1 29.47 4715
105 2117.3 11232 1 20 1187 7.705
,], 4 20 71.99  4.237
2234.0 12659 1 1 132.9  7.844
105 8231.1 42009 1 20 4457  12.11
‘b I + 20 2703  6.663
10325.1  5814.1 1 1 610.7  13.07
107 24413.0 116052 1 20 12454 17.41
v d 20 755.8  9.573
47743.0  26561.4 1 1 2793.8  21.77
108 58067.5  23960.8 1 20 2620.1 23.23
J, % , ¥ 0 20 1591.9  12.78
219185.0 119425.6 1 1 12589.9 36.18
10°  127869.6 437475 1 20 4865.3  30.23
J } Y 0 20 29587 16.63
968249.2 511972.0 1 1 541202 59.36
1010 276689.9  80041.4 1 20 8997.5  39.10
, W 0 20 5473.9  21.50
Vv 3700280.6 1879546.1 1 1 199554.1 92.80 V¥ v

2Eigenvalues pertain to Na, SO, g-mers in air with a mainstream temperature of T,=1500 K.
W, o values pertain to a7 =0 (no thermophoresis).



JANUARY 1986 THERMOPHORETICALLY FORCED CONVECTION 177
10° 103 —
| TwlTe- 08
Te = 1500K
(Na;S0g)q IN AIR
102 -
I 1071 TylTe= 0.8 —
= - A~ TylTe= L0 | =
= NO THERMOPHORESIS T
£ T N
@ . L
10-2 L g -
: Eu=1 'gg B
Tg = 1500 K -
[~ p=20atm
(Na;S0)q IN AIR 100 —
- : Eu =1 NO THERMOPHORESIS
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Fig. 2 Preédicted dependence of mass transfer coefficient on particle | | i ! i
size and temperature ratio; laminar boundary-layer stagnation point 10‘3 1072 1071 100
(two-dimensional); p =20 atm, T, =1500 K. d, um
b

Rosner, Fernandez de la Mora, and Israel.**3 In Fig. 2 the
dimensionless mass transfer Stanton number (St,), for a
given size particle, is normalized with the corresponding
vapor St,, value on the ordinate. It is known that thermal
(Soret) mass diffusion has a relatively small effect (a few
percent) on such deposition rates;>’ therefore, the figure
depicts how much mass transfer can be altered (increased)
due to thermophoresis for a certain size particle by simply
reducing the temperature ratio, T, /7, (colder wall). The
T,/T,=1 curve corresponds to deposition rate predictions in
the absence of thermophoresis and, as can be seen from the
figure, 1) the error involved in neglecting thermophoresis
becomes very serious indeed, as the particles become larger,
and 2) thermophoresis reduces the usual sensitivity of the
mass transfer coefficient to particle size.

In Fig. 3 we display three different phenomena:

1) The ordinate is proportional to the deposition rate but
is normalized in such a way that if one neglects ther-
mophoresis, then the quantity W;,Se, " is a constant for all
particle sizes, pressures, and temperature ratios (to the extent
variable properties influence it) for each Euler number (Eu).
Hence, the departure of the curves from their corresponding
horizontal (constant) lines is due to thermophoresis.

2) Pressure affects total deposition rates through the
dependency of particle transport properties on pressure. At
ordinary pressures the particle sizes of interest here cover the
range from the free molecular regime (Kn,>1), where
Chapman-Enskog theory is applicable, to the continuum
regime (Kn, < 1), where Stokes-Einstein theory holds. By vir-
tue of the transition between those two regimes the particles
experience a denser or more rarefied environment, depending
on pressure and temperature level. Particles in high-pressure
environments (e.g., in modern gas turbines) enter the transi-
tion regime earlier (i.e., at smaller sizes) and reach the con-
tinuum regime earlier than particles of the same size, subject
to lower (say, atmospheric) pressures. Particle Schmidt
number Sc and thermophoretic diffusivity ar,D, decrease
with increasing pressure in the transition-to-continuum

Fig. 3 Predicted dependence of Na, SO, deposition rate on particle

size, Euler number, and pressure in a laminar boundary layer at
T,/T,=0.8.
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Fig. 4 Predicted dependence of Na,SO, deposition rate on particle
size, Euler number, and pressure in a laminar boundary layer at
T,/T,=0.6.
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regime, resulting in a reduction of the enhancement of mass
transfer due to thermophoresis at any particular 7,/7,
value.

3) Calculations done for the forward stagnation point
(Eu=1) and flat plate (Fu=0) show that the Euler number
has no appreciable effect on the thermophoretic enhance-
ment of mass transfer.

In closing, we note that even at 7,/7,=0.8, ther-
mophoresis increases the deposition rate of about 1 um
diameter particles (Sc=10°) by about a thousafidfold at p=1
atm on a solid object. The enhancement is even more
dramatic for colder walls (e.g., T,,/T,=0.6) in Fig. 4, hav-
ing the same characteristics as Fig. 3.

V. Concluding Remarks

Numerical calculations, reported here for sélf-similar two-
dimensional LBLs with variable properties, covering the par-
ticle size range from vapor molecules to the threshold size
for the onset of inertial effects, demonstrate the engineering
importance of the thermophoretic mass transport
mechanism, especially for submicron particle deposition on
cooled walls. In fact, for particle Schmidt numbers above
about 103, the mass transport rate to a cold wall is
dominated by thermophoresis (the enhancement being ap-
proximately a thousandfold for approximately 1 pm diam
particles at 7,/7,=0.8 and p=1 atm). The mass transfer
ratio associated with thermophoresis was found to be insen-
sitive to the Euler number Eu, i.c., local pressure gradient,
although the pressure level itself is significant since it deter-
mines the effective particle thermophoretic diffusivity in the
transition and continuum regimes (Kn,<1). Many features
of our predictions and those of Ref. 17 remain to be ex-
perimentally verified; however, the magnitude of the (three-
decade) augmentation ratio and the dependence of particle
deposition rate on wall-to-gas temperature ratio have recently
been verified in the seeded laboratory flat flame ex-
periments of Rosner and Kim,* albeit at lower Reynolds
numbers than those assumed in the present paper (Re” > 1).

To incorporate these mass transfer effects in engineering
design calculations, it is of course useful to economically
summarize the results of such numerical LBL integrations in
simple but rational correlation equations. For this reason,
results of the numerical calculations presented here, as well
as the similar ones that also include the effects of viscous
dissipation,?® transpiration cooling and hot walls® for BLs
that are self-similar,!®* law-of-the-wall turbulent,'* and
developing (allowing for laminar-to-turbulent transition*),
also serve as a base against which the accuracy and the ap-
plicability limits of simple engineering correlations**? are
being tested. A detailed discussion of the structure and use
of these correlations is beyond the scope of the present
paper; however, it can be stated that 1) they follow im-
mediately from the pseudosuction/pseudosink viewpoint?
described briefly in Sec. IV and 2) results obtained to
date*’*2 are encouraging, even when applied locally to
developing (e.g., gas-turbine blade) boundary layers.*

Appendix: Calculation of Species
Transport Properties

We assume that the transport coefficients for each vapor
species (monomers) depend on local pressure and
temperature via first-order Chapman-Enskog theory with
estimated Lennard-Jones 12:6 interaction parameters.*4
For trace species the (dimensionless) thermal diffusion factor
and the Fick (Brownian) diffusion coefficient are thus in-
dependent of mole fraction. The thermal diffusion factor is
given by rather lengthy expressions in the literature.** We
therefore fit each calculated monomer «; value by a two-
parameter expression oy =ar (1 —C/T). These parameters,
ar. and C, for many vapor/carrier combinations of
engineering interest are given in Refs. 5 and 46, where it is
shown that the molecular weight disparity between the
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transported trace substance and the host fluid dictates the
magnitude of ar.,.

For the calculation of the thermal diffusion factor of small
particles, the expression developed by Talbot et al.?0 is used
in the form

ar,={1(3/9)Se] [3.12(SCH)1 [M/A,
+2.18Kn} }/{(1 +3-42Kn) [1 +4.36Kn+2(A\/\,) ] } (A1)
where SCF is the Stokes-Cunningham factor given by
SCF=1+Kn[1.246+0.42 exp(—0.88/Kn)] (A2)

and M is the host gas translational thermal conductivity.

The thermal diffusion factor of a cluster consisting of g
moleculés (g-mer) is then evaluated by interpolating the
values obtained for a monomer and from Eq. (Al). The in-
terpolation formula we adopted is

O‘T,gz{l/[l +b(g—1)] }aT,monomer
+{b(g—-1/[1+b(g—D]}ar, (A3)

By taking the value of b to be 5, we forced the thermal dif-
fusion factor of the cluster to reach 98% of the particle
value oy, when the number of molecules in the cluster, g,
reached 10.

It is assumed that «y, has the same temperature
dependency as the monomer. Two sets of ar,, and C
parameters are calculated between T, and (7T, + T,)/2, and
(T, +T,)/2 and T, to describe the temperature dependency
more accurately.

For the calculation of the Brownian diffusion coefficient
of the g-mer we first obtain two different diffusion coeffi-
cients for the g-mer: one is evaluated using the Chapman-
Enskog theory (D, ) for low density (Kn3 1) gases, and the
other is evaluated using the Stokes-Einstein theory (D, )
for Kn<1. We then adopt an interpolation formula given as

[(D/Dg) =11 = {[(D\/Dg,cg) =11 (D) /Dy 5) — 11}

S LLD/Dycp) =114+ [(D/Dygp) =120
where D, is the Fick (Brownian) diffusion coefficient of the
monomer calculated from Chapman-Enskog theory.** The
exponent 2.14 was selected to force agreement between D,
given by Eq: (A4) and the slip-corrected value of D, g at the
particle Knudsen number of unity. The calculation of # to
describe the temperature dependency of D,~T" is given in
detail in Ref. 16.
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